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Abstract 

We consider the ana|ytic continuat~ot~ rrf flz~ecemm_~or [q~"~r?] t'or vahms ofm, n ~ pos~ 
tire integers. This is ~n-ied out bot~ ~h~ i~e Moyz2 z~g~z-~ and ~e c, permo~r atgeL.'~ 

Introduct#o~, 

Ti:~ question of the ordering of  the position and mome:~mm e ~ r a t o ~  
and/~ ~ ~ m~nomial has been extensively discussed in the E~ramic 

(Cohen, 1966; M~'~rg~au ~..~ Cohen, I967). 2this is equivalently also a study 
of  the 'Moyal a~gebra ~ of :u~:tions on phase space (Misra & Shan.kara, 
1968). However, both these discL~ssioas are almost invariably (Roseabaum, 
!967) restricted to c~Iynomials. B,:, more often, one cGmcs a~oss potentials 
which are inverse powers o16  As regards : ,  it is o.fceurse trt:e that ~ey  
generally appear only in positive integral g~wers, but m ~ e  solutions of 
some wave equations one basically intr~e~I~ces fractieaal powers of # 
(Erdelfi, 1962). Hence it would be reasonable to extend the investigation 
of  the ordering prob!er~ to ~ses  of prod~wts which contain arbkrary 
powers of~ and ft. This becomes tractable tbJough the me~ods of  modem 
operational calculus. Fractional differentiation is defined by an analytic 
continuation of  the Cauchy formula for the nth primitive of a function 
(Gelfand & Shilov, 1964). The theory requires that the soIufions of the 
equations in that case be resfficted to a class of functions which fail raptdiy" 
at infinity faster than [q [-r~ for any m and also have onty semi-infinite 
support. 

The definitions of fractional differentiation wilt be introduced briefly 
in Section 1. In Section 2 we give a discussion of the Moyal products 
p~ x q~ where ~ aad fi are not positive integers. In Section 3 we shall study 
agenerafing fuuction.for the generM_.;zed Laguerre polynomials that appear 
in Section 2. In the next sectionoperator products are considered and 
finally we concl~de with a study of  the genera!ised rule of  operator corre- 
spondences. 
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1. s Differentiaiion 

A(p,q)  x B(p~q)&e-'~21~A(~l,q)B(p,~)IZ% . (I.I). 

Tiffs is associative, a~d only whe~A avAB mix up p and q is it also non- 
eommutati .~. T h ~  

p •  =qv-:i 
and 

_ qxp--pxq=i O J) 

which is the same as the commutator 

4 P - M  = i- 0 .4)  

1~hus~ thei~ exists an ~gebra isomorphism between the Moyal produ,~ 
q~ • itr ~ ~ d  i ~  o~erator product ~'~f'. 

"The purpose of ~ p~e~eat work is to extend these ideasto the cases 
where powers o fq  and p are ~o~ r~r ic ted  to positive integers. A general 
po~ver offf ~= ~id/dq is defined by (GetNnd & Shi!ov, 1964) 

�9 

o U ) ( q = . ) -  - (1.5) 

O 

Where:  .is any complex number. When i~ is tea!, this equation del]iaes :fl~ 
order dit'fferenfia6on for  ~ > 0 and :~th order primitive for a-<O. Bm q is 
a real variable. It is also possible to extend this definition to complex q 
(Oslew1970) by 

,,, I ",, to ( q - z )  -~-~, which starts at q, is taken where ~ e  branch e_. be.on~.g 
through the ofi~n, and the Contour of integration starts and ends at the 
origin and p~isses anticIockwise round q. without crossiug the cut and 
~A:hr ~-0~,~;-.~ any singularity'of O(q). This is derived for .z ~ - I ,  - 2  .... 
and for ~(q) &the  form qr where ~b(q) is analytic with no pole at the 
origin and fl r  .... But we shall restrict the discussions to (I.5) 
covering the case of functions of  areaI variable. 

It can be verified that (t.5) satisfies the following rules of "fra~ional 
differentiation": 

(~) 'eX~ = > e %  (1.6) 

l a x "  . r ( ~ + O  . ~  

z /  /Tz/  q '  = Id~l- q~ (1.S) 
~yw.I \m!! 



(The. farmer lwo relations are not independent of each other.) Further, far 
at~y two fune~on~ u(q) a ,d  ~..(.q), who~ frac~io~a! derivatives are defined, 
the following generalisatio~ of  fire IAebn]tz p~-educt rule holds (Ozler, 
1970): " " 

~ d ~, -~ -~? , dv~-~ , d .~  

\aq]  ~ o .  1 \  ~ "\,~1 
.~e re  

= F ( n + l ) F ( = - n +  1) = ~ ( ~ -  " 

is ttregeneralised b~omial coef~cier~t. 

2. M~,al A:get~ra w#k F~a.,:.zionag Pgwers 

According to (!.t), :. 

Now by the Taylor expansion theorem, exp {,7 ~/~p) is alra~s|afion ol~t-zi..sr 
which tzkesf(p) t o f ( p  + 2) ~o tha~ 

p~ • q" = ( p -  io/sq)'o" 

(On = f q ' ~  . ! ( ' ipq) -"  (2.1) 

In the above steps the binomial theorem and (t.7) are useA. By introducing 
a new function of the variable z = -i, oq by 

. . . .  (n)n~.z -,- (2.2) 

the above product takes the form 

p" x qO = p ,  qS S n(_/pq) (2.3) 

We now use the Liebnitz product rule (1.9) with v = z ~ and in c o ,  unction 
with (1.6) and (1.7): 

i s  e , ~ = ~ ? ' t  :a~~ " :a~" t"2 



T'r~s ~t',o~vs that 8~* satisfies the equation 

~.,.,=:,o-.(~) o... ,~,, 

F~r positive integral values of  ~ these are polynorrdals m z 'L !~ this ~se  
they are reined to the I_ag,aerre polynomials by 

(-=_~ s,~.~, .z) = n,.zJ(z) 

t f  ~ and ~ ate both positiwz i n t e r ,  we can ob~J~ ~ douMe ge,.~rating 
function 

c,(z)= ~ s:"(z)r 
~-D m~O 

�9 = :~ "~ C : l . , : ) : = e - . e , , ~ c e : )  

G(z)= 2 0 : / m ! ) e ' { 1  + =e 'e  "~+~ 
m . r ~  . \ 

Thus S,y(z) ~s the coefficient of #~ v~/m!n! in the expansion of 

and we can write" " 

i ~ I i e§ (3~) s'=(z) = ~,~: t~': ~.-.-o 

We now show that (3.2) ~ valid in ge~eral for the S~ ~, that is, 

(.~..~' [ d v  ,,;.+.,,/] -s:(o=,.,: tz.: o ],.,.o (3.3) 

with the defimtion (1.5) of fractional differentiation. (2.4) can be written 

Applfi~g the lAeb~itz prod~c~ ruie, 

_ _ . -~ e ~ - ~  i 

. ~ .t..~ ,~. 
~--O '- 

=~!:~.~!.-.: t'§ .) t:~) % 
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r (whet~e ~ = ~  ~ y). Now (d/dr~'~e ~ =~ e" so ~ha! 

d ~ 

B~t 

- = '~ ~ e ' ~ .  = ~  e I = 

Substitution in (3.4) gives the required expression (3.3). 
Two f~-tberc~pressions for S~ a are easily obtained. From 

d t 

Equatit~a (3~) can &: written as 

( 14 ~ 7 /z~,'t 

or, putting z/y = O, 

s,~(z) (1 l d~" ,! = 

(&5) 

4. AnJyZic C~'timmtion of  the Heisenberg Comm'.:'tator 

We now consider ~he e ~ c t  o f  operating with :~4 ~ on a wave function 
O(q) where t3 = - i d / d q  and if = q. This amounts to applying the produci 
vale (1.9) to q&::(q). Thus, 

m ~ 

m-~O 

whiea is precisely the operator obtained by substituting p=f i  and q=O 
ia (2.3), with alt ~ ' s t o  the !eft and/3's to the r{ght. Thus, the isomorphism 
~tween the Moya t  and operator algebras exists for a much wider cIass 
of  functions of.# and q than power series; one can have any complex power 



/: ~(--2~. r ,:,~q)--(::::-+q~ S ,(-rqp)::)~:(e) 

is the corresponding opera~or with ~he 4's to 3the i~3 oF~be : s .  'Ylaus 

i~ the a~al_~c continuation of  the Heiscnberg c o m m v ~ t o r / ' ~  arbi t ra~ 
complex powe~  ~ft~e o_~ra~qrs, 

Further i f f ( p )  and g(q) are a~_y ~w~) functions, we can use the results 
of  S c i o n  2 ~o state lhat Ihe operalor ~ f(/~)g(~) is obtained in s~andard 
o~'d,~ by e~3~ta~ing 

Equivalently, ~ ~ ~,  wr[ttcn z~ 

e-:'::~'~ gfq) f (:) 

The resulting expansions will, e f  co~rse, be an i~finite:series, whereas for 
polynomial fand g we obtain a fim~e n~mber of  terms. 

5. The GenerMb'ed Correspond~nre Rule 

It is well k~o~3 that *here are various phase space d;st~bwdo:~ corre2 
spending to differen~ ruies of  transforming fu,~cdoas to operators. !a 
Cohen 0966) ge,aera! expressio_n~ for these distribw:ions and cpcrators are 
obtained and in M~sra & Shankara (i 968) the speciSc representatio~ for 
the-" transformane, n is given. We now wish to gc~era!ise this ru!e for func- 
6ons whicli contain arbitrary powers o f f  and qo 

In this generaiised rule, the operator3 correspondiv~g to the rnonomial 
p"q" is the coefficient o f # "  v~/m !n! in t!~e expansion of  

where :..is any power series su~icct to the restrictions 

.2(u, 0) = ,~(0, v) = 1 (5.2) 

Expres,md in standard form the required coefficient in (5.1) is 

In this form itl is readily generatisabte in. two ways: one, to ,,.~" complex 
powers o f p  and q and two, to any 2 subjcci to the restrictions (5.2). Thus, 

| - - I  f-c--| ; : , ,  v e~p  ,~[~_m'~] . . . . .  , ' - - - , ,~xn~u~ ;u  , o (5.4) 



is the operatm corresr'm~ding tO fl'e produc;t p~q~ for all complex ~ a~d iS, 
A ~ , ,  ~,~,-, ).~,~,) is ,,-~ ~.',~y a r~.~v*,,',~ ; ~  hi,* ~ . - ,  ~ ~ - -  r , , , , - ,~ , , ,  fv~ ..... 
which fractional differentiation is defined, the rule (5.4) is mbre genera/. 

I t  is desirable tO extend (5.4) to find Oly~rators correspo, ndi~g to any 
f (p ,q )  for which fractional differentiation is defined. ForAtlfis purp-ose~ 
consider, the expression. 

This z'an be writtelx as 

Comparing this expression with (5.4) we obtair_, ~b~ following result: The 
-operator corresponding top~q a is obtained by evaluating ~5o5) and replacing 
ft. and q by/5 and ~ in standard order. More generally, the ~peratorf(ff.$) 

ob*~ined by replacingp by fi and q by ~ in 

(5.7) 

after IearranNng Jrinstandard order. 

6. Conclu~ffon 

In the literature, the M ~ a l  algebra of functions on phase space is 
restricted to polynomials. The ~ m e  restriction occurs-in the di~ussion of 
Heisenberg commutators of  canonical opera~.ors. This restrict{on has b~n  
lifted and botb these algebras have been extended to iuclude prcdtmts of 
arbitrary complex powers of  the conjugate variables. The isomorphism 
.between Moyal and_ operator algebras is found to exist for a much wider 
class of functions than power series. The generatised correspondence rule 
of  Cohen is shown to be capable of further generalisation using a non2 
poiynom*ai parametNc function. 

A cknowle[tgements 

The authors are grateful to Professor Altadi Ramakfishnan for providing excellent 
opg.ortunifies to work in Matscienee where this work was begun. Thmn~ are al~3 due 
to Sfi M. R. Subrahmanya and Sri G: N. Keshava Murfl~y for help~l discussions. 

References 

Coh~~, (1366")..YournalafAfathematicai P~vsics, 7, 781. 
ErdeI.~, A. (1962). Op~ational Qalcui~s a~4 Generc,~ed FuncNom. Holf, Rinehart 

and W-'mston. 



~ 8  ERIC ~. LORD AN~ To S, ~HA~g.~.~A 

C.~|far~, "L M. a~d $hilov, (3. E. (I~.4}. Generalised F#nctfons, Vot. L Acad~nic ~ 
Mzrgenau) U. and C.oher4 L, (1967). Stvdies in F~tndations, Methodology ar,4Philo.~ol~hy 

ofS~'er~ee, ~*oL 2 (Edo M. Btmge). Sprit)gel'. 
Mehta, C., L. (1964). Jo~-na/of Mathematical Ph),sics~ 5, 677. 

S,P, arid Shankara) T. S, (1968). Journal of  MatfiematicalPhysics,.9, 299. 
O~ler, T. J. (1970). SL, tMJotomol~Ar~lied Mathem.aHcs, 18, 658. 
R~nbamr~. D. ~r (1967). Jewrr,~tt! e f Mk:F ~ ema't ica.l.P/~, y sier~. 8, 1973, 


