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_Abstract

We consider the analytic continuation of ﬂmmnmntatm Io™, o™ for values of sy, 1 # post-
tive mtcgers This is carried cut both in ihe Moya! algebra and the operator algebra.

Introduction

The nuestion of the ordering of the position and momentum sperators
4 and # m » monomial has been extensively discussed in the Heratnue
{Cohen, 1966; Margensu & Cohen, 1967). This iz equivalently also a study
of the ‘Moval algebrs” of fuictions on phase space (Misra & Shankara,
1968). However, both these discussions are aimost invariably (Roseabaum,
1967) restricted to polynomials. But more ofen, one comes across potentials
which are inverse powers of 4. As regards g, it is of conurse true that they
generally appear only in positive integral powers, but i the solutions of
some wave equations one basically ‘introduces fractional powers of §
{Erdelyi, 1962). Hence it would be reasonable to extend the investigation
of the ordering pmbif*m to cases of produrts which contain arbitrary
powers of § and p. This becomes tractable t qugh the methads of modern
operational calculus. Fractional differentiation is definsd by an analytic
continuation of the Cauchy formula for the ath primitive of 2 function
(Gelfand & Shilov, 1964). The theory requires that the solutions of the
equations in that case be restricted to a class of functions which fail rapidly
at infinity faster than ¢~ for any m and also have only semi-infinite
support.

The definitions of fractional differentiation wiil be introduced bmﬁv

Section’ 1. In Section 2 we give a discussion of the Moval products

p‘f x g® where « and B are not positive integers. In Secticn 3 we shall study
a generating function for the generalized Laguerre polynomials that appear
in Section 2. In the next section cperator products are considered and
finally we conclude with a study of the generalised ruie of operator corre-
spondences.
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1. Fractiona! Differentintion
The Moyal product { Mehta, 1964} of two functions 4 and Bis defined by

| A(p.9) x B(p,g) = e~ "% 400 0) B(p, D)8 t8))

This is associative, and only wﬁm A and B mix up p and g is it also non-
commutative. Thus

prg=gp-—i 1.2)
and -
: gxp-pxg=i 1.3
which is the same as the commutator :
gp—pi=i- (1:4)

Thus, theie exists an algebra isomorphism between the Moyal produat
g™ x p" and ihe gperator product q"‘p"

The purpose of ihe present work is fo extend these ideas to the cases
where powers of g and p are not yesizizied to positive integers. A general
powerof = mzd/dq is dcﬁue& by (Gelfand & Shilov, 1964)

{\dq) 4’(@) r(ﬁa)jtﬁft){q_ﬂf}-a—zé{ (1.5)

where = is any complex number. When it is real, this equaiion defines uth
order differentiation for « > 0 and oth order primitive for w <. Bul g &5
a real variable. It Is also possible to extend this definition to m'*zpiex

(Osler;1970) by
AY e+ Ny a1
(T) ¥ig) = ~Imi f!ﬁ@}xf,’—*z) dz

where the branch cut belonging te (g — z)7*!, which starts at g, is taken
through the origin, and the Coniour of integration starts and ends at the
origin and pdsses anticlockwise round g without crossing the cut and

without enclosing any singularity of Y¥{g). This is defired for 2 £ —1,-2,.
and for §{g) of the form g% d(g) where ¢{(g) is analytic with no po!e at the )
origin and 8% -1, —2,.... But we shall restrict the discussions to {1.5)
covering the case of funcu'ons of a real variable.

It can be verified that (1.5) satisfies the following rules of ‘fractional
differentiation’:

{ d\* . . '

- e = JFete 1.6)

@) ¢
= Fg+1)

8- 8= 1.
q) 9 I‘(ﬂ o+ 1)q {".?}
d\® d g e_«!—B . 3 \
\da/ (:;) ‘ (";) ! (8
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{The former two relations are not independent of each other.) Forther, for
any two functions ulg) and »{g}, whose fractional derivatives are defined,
the foﬁnwmg generalisation of the Liebnitz pmdwt rule holds f{}aier,

’ ( ) Z()() ( )ﬂﬁ (1.9

a) I'(e+1) e _ \
(n)ml"(n-}-l)l“(a-—n-%-l)wa(a”nm(m n-+ 1}

is the generalised binomial coefficient.

where

2 Mé}@ Algebra with Fractional Powers
According to (1.1}, .
B Va ,{qﬂaew.ﬁa’!&k‘gﬁgt‘

Now by the Taylor expansion theorem, exp{Z 0{3}7} is a trapsiation operaior
which takes f(p) to f(p + A} so that

PFxg'=(p- xaﬁq“a’
St
(n 4 }n!(~z;z»q>-~ @

I the above sieps the binomial theorem azzci 1.7 are used By mtroducmg
a new function of the variable z = ~ipg by

st 3 3] O e

the above product takes the form

" x q* = p*q® 55 {—iprg) (2.3)

We now use the Liebnitz pmdact rule (1.9) with o = z# and in conjunction
with (1.6) and (1.7):

(8 - SO
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This shows that 5,7 satisfies the equaiion
g \®
5Hz)=2"7¢" (~) e*2” (2.4)
Iz e
For positive infegral values of 2 these are polynomials i z7%, In this case

they are reiated to the Laguerre polvnomials by
(=¥ ST-2)=niLMz)

3. Propertizs of §,°

¥f o and J§ are both positive integers, we can obizin & double generating
function :

6@=3 3 sreuvimtal

w=D Bl

. i ‘3 (ﬂm/m!)z«meﬂ-:evj/dz(e:zm)

i =l m=0
Now exp{vdjdz).f(z) =f{z+ v} 50
- G@ = % Gmim?b 5*{? + ;) = gF gl
el -
That is, ' '
' Gz =explp+ v+ pv2) (3.1}
Thus S,™(z) is the cocfficient of g™ v*/min! in the expansion of
exp(u + v + pv/z)
"; ar » L% 4 s v{:i . .
Sz = (E’) (~) i (3.2)

ay e

. and we can write -

We now show that (3.2) is valid in general for the S.2, that is,

*'-"‘5’4 _—» ay d x— u%w?az-v/:g
vo-(f{fet, e

iBey=0

with the definition (1.5) of fractional differsatiation. (2.4) can be written

so-{Ey

Applying the Licbaitz product rule, -

¥uZ
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fwhere v =2~ y). Now {d/dvFF=e* = ¢* 50 that

wo-(J(ogl e
SO -3 0 e
= {dldp)t e,

Substltutxon in (3.4) gwm s the requ:red expression (3.3).
Two further expressions for S, are easily cbtained. From

Sx’(é)s:z"i (3) (%)ﬁz‘_

.20

Bui

- wehave - »
o B o { gy &
Qggﬁ{) =2 (1 -5*5) P (3¢5}

Equatien (3.5) cen be wiitien as

EANFEAY
(+2 G

id
Bl — : 1a
S,-{x.} (1 4 d€> f}ia-a {3.5}

or, putting z/y = 6,

4. Aralytic Continyation of the Heisenberg Commutator

We now consider the sffect of op&rating with 5*4% on a wave funciion

" ¥(g) where P =—idldg and §=g. This amounts to applying the produci
vule (1.9) to 4%4{(g). Thus,

7§ ’(a}mﬁ“‘”’z(di) g% ulg)
e (ﬁ (o (2] v
- 2( )( Rl PGPV @

‘7

which is precisely the operator obtained by substituting p=F and g=¢
in {2.3), with 21t §’s to the left and P’sto the right. Thus, the isomorphism
batween the Mcyal and operator algebras exists for a much wider class
. of functions of p and g than power series; one can have any complex power

af panda,
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¥t is now cesy 1o get an expression for the commtator [7%,4%1 The righs
sdepi 4.1} 5s ’ '

F

é*‘ﬁ"+?( ){j AP }léfw) (§* 5 +4° 52 an) e

/

where §' denotes deletion of the first t2rm in the expansion of § and §'
is the corresponding operator with the §°s to the I2ft of the §'s. Thus
FP§ ¢ =" $(gp “42)
is the analvtic continuation of the Heiscnberg commastator for arbitrary
complex powers of the operators.
Further if f{p) and g{g} arc any twe functions, we can use the results

of Section 2 fo state that the operator f/ (Fg(g) is obtained in standard
opdey by evaluaimg
g(é — i8{95; /()

Equivalently, & can be written 25

amidRipged g{{i} F{H)

The resulting expansions will, of course, be an infinite series, whereas for
polynomial fand ¢ we obtain a finrte number of terms.

5. The Generalised Correspornsienre Rule

It is well known that rhere are various phase space distributions corre-
sponding to different rules of transforming funcitons to operstors. In

Cohen (196%5) gesﬁra‘f expressions for these distributions and cperators are
obtained and jn Misra & Shankara {1968) the specific representation for
this iransformation is given. We aow wish to generalise this m?.e for func-
tions which contain a:oura\:’y powersof pandg

In this generalised rule, the operators »orremmmug to the monomial
prgnis the coefficient of g™ v*/m Izl in the expansion of

Ay, vyertrt (5.1}
where 4.is any power series subivct to the restriciions
M, 0 =2(0,v) =1 (5.2)

Expressed in standard form the required coefficient in {5.1) is

!3’) (ﬂ) A, V)CXP{ (-}-——Euexp(‘up}w,m& 5.3y

In this form it is readily gencrahsab!e in two ways: one, to ail complex
" powers of p and g and two, to any 4 subjccz to the restrictions (5.2), Thus,

’3\‘{8 ’
{ F 53 (5 AN
5 13}‘} M, v‘tcznf {gx! zg_gexp(ud lsmyat 5.4
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is the operator corresponding to the product p7g” for all complex u and f.
Also, since My, V} is not ouly 2 polynomial but can be any function for
whxch fractional differentiation s defined, the rule e (5.4) is more general,

It is desirable 1o extend (5.4) to find Operators corresponding to any
Jip.g) for which fractional differentiation i is defined. For this purposs,
consider the expression.

1( ; 3 )cxp(m-—B’/Bp ag) .5

This can be writien a2
F &
(ap E )6"1’ (**32!31? 39) (5“‘) ( V) €XP (P VG )lamrus
(Z;!) k 5 \} oy ’}ﬁm (~grv[Zhexp(pp+ vg) {5.6}

Comparing this expression w1th {5.4) we obtain tha following result: The
-pperator correspondmg to p*g# is obtained by evaluaung {5.3) and replacing

#and g by F and 4 in standard order. More gencrally, the o operator f(£,4)
is ohtained by repiacmg P b} pand q bygin

it £
iﬁp = ;w! 37102 ) () )
after rearranging n in standard order.

&. Conclusion

In the literature, the Moyal algebra of fuactions on phase space is
restricted to polynomials. The same restriction occurs-in the discussion of
Heisenberg commutators of canonical operaiors. This restriction has been

. lifted and botb these algebras have been extended to inciude products of
arbitrary complex powers of the conjugate variables. The isomorphism
between Moval and operator algebras is found to exist for a much wider
class of functions than power series. The generalised correspendence rule
of Cohen is shown to be capable of 1urtn°r generalisation using & non-
polynomial parametric function,
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